We will present the result of an analytical calculation of the second order contribution to the forward-backward asymmetry A H FB and the shape constant a H for heavy flavour production in e + e − -collisions. The calculation has been carried out by assuming that the quark mass is equal to zero. This is a reasonable approximation for the exact second order correction for charm and bottom quark production at LEP energies but not for top production at future linear colliders. Our result for A H FB is a factor 2.6 (charm) and 4.7 (bottom) larger than obtained by a numerical calculation performed earlier in the literature. We study the effect of the second order corrections on the above parameters including their dependence on the renormalization scale. Further we make a comparison between the fixed pole mass and the running mass approach.
Experiments carried out at electron positron colliders like LEP and LSD have provided us with a wealth of information about the constants [1] appearing in the standard model of the electroweak and strong interactions. One among them is given by the electroweak mixing angle defined by θ W which can be very accurately extracted from the forward-backward asymmetry in heavy flavour production in particular when the flavour is represented by the bottom quark [2] . Recently this quantity is obtained for the charm quark [3] and in the future one also hopes to measure it for the top quark at the large linear e + e − -collider (see e.g. [4] ). The forward-backward asymmetry is extracted from the differential cross section given by
where θ is the angle between the outgoing quark H and the incoming electron. The CM energy is denoted by Q and the scaling variable ρ is defined by ρ = 4m 2 /Q 2 where m stands for the quark mass. Notice that the form of the cross section above is correct if only final state corrections are present which is the case for QCD investigated in this paper. For electroweak corrections (see [5] , [6] ) which occur in the initial as well as in the final state, including interference terms, the above formula has to be modified. The Born cross sections for quark final states appearing in Eq. (1) can be written as 
where N denotes the number of colours in the case of the gauge group SU(N) (in QCD one has N = 3). Furthermore in the expressions above we adopt for the Z-propagator the energy independent width approximation
The charges of the lepton and the quark are given by e ℓ and e q respectively and the angle θ W defined at the beginning appears in the electroweak constants as follows.
The functions f
(1) can be computed order by order in perturbative QCD from the non-singlet quark coefficient function C l,NS k,q as follows
where µ stands for the factorization as well as the renormalization scale. The quark coefficient function appears in the fragmentation function F k (x, Q 2 ) with x = 2p.q/Q 2 where p is the momentum of the outgoing hadron which originates from the quark. These fragmentation functions describe the production of the quark and its subsequent decay into a hadron. The forward backward asymmetry, denoted by A H FB , appears when we divide the expression in Eq. (1) by the total cross section. The ratio can then be expressed in the following way
with
Further the shape coefficient a H is defined by
and the total cross section for heavy flavour production is equal to
The functions f l k can be expanded in the strong coupling constant α s as follows
The lowest order contributions corresponding to the Born reaction
with V = γ, Z are given by
where ρ is defined below Eq. (1). The next-to-leading order (NLO) contributions originate from the one-loop virtual corrections to the Born reaction (13) and the gluon bremsstrahlungs process
The NLO contributions have been calculated by several groups in the literature for the case m = 0 (see [7] - [10] ). However there were some discrepancies between the results so that we decided to calculate them again using a different method. Here they are derived from the order α s contribution to the coefficient functions for heavy quarks which appears in the integrand of Eq. (7). Our computations lead to the same answers as given in appendix A of [11] . After performing the integral in Eq. (7) we obtain the following results for
Further the colour factor C F is given by C F = (N 2 − 1)/2N. The functions F i (t) appearing above are defined by
where ζ(n), which appears for n = 2, 3 in the formulae of this paper, represents the Riemann ζ-function and Li 2 (x) denotes the dilogarithm. Using Eqs. (16)- (19) one can check that the order α s contribution to the total cross section in (11) is in agreement with the literature [12] (for the vector part see also [13] ). Integration of the asymmetry quark coefficient function provides us with the result
which involves the following functions
) are related to the functions H 2 , and H 6 presented in Eq. (15) and appendix A of [9] and we agree with their result. The same holds for f a,(1) A which is proportional to H 5 in the reference above. There is also agreement with the calculation in [10] . The comparison is made by expanding the functions above and those in [9] up to seven powers in ρ. The next-to-next-to-leading order (NNLO) contributions come from the following processes. First one has to compute the two-loop vertex corrections to the Born process (13) and the one-loop corrections to (15) . Second one has to add the radiative corrections due to the following reactions
where q denotes the light quarks. The results for f l,(2) k presented below are computed for the contributions where the vector boson V is always coupled to the heavy quark H so that the light quarks in Eq. (30) are only produced via fermion pair production emerging from gluon splitting. Besides these contributions there are other ones which have been treated in [14] . The latter consist of all one-and two-loop vertex corrections which contain the triangular quark-loop graphs. Following the notation in [14] their contribution to the forward-backward symmetry will be denoted by F 3−jet QCD and F 2−jet QCD respectively. They only show up if the quarks are massive and are coupled to the Z-boson via the axial-vector vertex. Notice that one has to sum over all members of one quark family in order to cancel the anomaly. Adopting the mass assignment in [14] we take the top to be massive and put the other quark masses, including that of the bottom, equal to zero. Further in [14] one has included all terms originating from reaction (30) where diagrams with light quarks attached to the vector boson V interfere with those describing the coupling of the heavy quarks to the vector boson. Notice that this contribution denoted in [14] by F F QCD vanishes if all quarks including H are taken to be massless provided one sums over all members in one family. However we will omit that part of reaction (30) where the heavy quarks are produced via gluon splitting and the light quarks q are coupled to the vector boson V. This contribution denoted by F Branco QCD in [14] needs a cut on the invariant mass of the heavy flavour pair and it was computed for the first time in [15] ). Finally notice that these additional contributions, denoted by F QCD above, only show up in order α 2 s . Moreover if we put m = 0 they only appear in the forward-backward asymmetry (9) but cancel between numerator and denominator in the shape coefficient (10) . The results for f l,(2) k follow from the transverse and longitudinal coefficient functions calculated in [16] and the asymmetry coefficient function computed in [17] . Because of the complexity of the calculation of these functions the heavy quark mass was taken to be zero. This approximation is good for the charm and bottom quark but not for the top quark as we will see below. Substituting these coefficient functions in the integrand of Eq. (7) we obtain (11) provides us with the order α 2 s contribution to the total cross section which is in agreement with the results obtained in [18] . For zero mass quarks the forward-backward asymmetry becomes equal to
For the discussion below and the notation often used in the literature (see [2] ) it is convenient to write A H FB in the following way
The order α 2 s contribution presented above has been also calculated in [14] but then in a numerical way. Unfortunately we get a different answer. First we disagree with the statement above Eq. (48) in [14] that reaction (29) does not contribute to A H FB . For the latter we obtain the following contribution to c 2 , denoted by ∆ (1) c 2 , which equals
The result for reactions (28) and (30), including the virtual corrections, can be obtained by subtracting Eq. (36) from Eq. (34). Using the notation in Eq. (45) [14] and choosing n f = 5 we find the following contributions
From the results above we infer that the discrepancies mainly occur in the C 2 F and C A C F -terms of Eq. (34). Substituting C F = 4/3 in the expression above we obtain for the coefficient of the (α s (Q)/π) 2 -term the value −9.49 instead of −2.6 quoted in Eq. (4.7) of [14] which amounts to a discrepancy of a factor of about 3.7. Notice that the bulk of the second order correction to Eq (34) is coming from f a, (2) [14] . For the value of the top mass given above we obtain for bottom production c In the case of the forward-backward asymmetry the QCD corrections are moderate in particular the second order ones. The latter would be even smaller if we had taken the value c 2 = 1.9 quoted in [14] which is a factor 4.7 less with respect to our result. In the case of the shape coefficient the QCD corrections are at least twice as large. The latter are reduced if for the reference axis the thrust axis is taken instead of the quark axis [2] . Notice that the quark axis has been chosen in our calculation. Further we want to mention that the zero mass approximation for the second order coefficient c 2 is quite reasonable. This is revealed by the first order coefficient when the quark mass is chosen to be zero which leads to the values c 1 = 1 Eq. (34) and d 1 = 8/3 Eq. (38). In the case of the bottom quark we observe a deviation of 11 % for c 1 whereas for d 1 it amounts to 22 % which is twice as large. For the charm quark (see table 2) these values become smaller i.e. about 7.5 % for both coefficients. If we expect that the same deviations occur for the coefficients c 2 Eq. (34)and d 2 Eq. (38) one gets a reasonable estimate of the theoretical error on the second order corrections. We also studied the effect of the running quark mass on the forward-backward asymmetry and the shape coefficient. For this purpose one has to change the on-mass shell scheme used in Eqs. (16)- (19), (25) into the MS-scheme. This can be done by substituting in all expressions the fixed pole mass m by the running mass m(µ). Moreover one has to add to the first order contributions (16)- (19), (25) the finite counter term 1.000
1.000 a (1) 0.907 (-9.30 %) 0.903 (-9.70 %) a (2) 0.874 (-12.6 %) 0.870 (-13.0 %) Table 2 : The forward-backward asymmetry and the shape constant of the charm quark.
where µ stands for the mass renormalization scale for which we choose µ = Q. [14] . The features are the same as for the bottom quark. The differences between the numbers in the left-hand and right-hand column in table 2 become even less. The reason that the running of the mass in the case of the charm and the bottom quark hardly introduces any effect on the forward-backward asymmetry and the shape constant can be attributed to the fact that the mass of both quarks are small with respect to the CM energy so that the phase space is not much affected. Moreover, as far as the dynamics is concerned, these quantities are not proportional to the mass. This is also revealed by the constants c 1 and d 1 which do not deviate very much from their zero mass values. These arguments do not apply to the top quark except when Q ≫ m t . This is shown in table 3 where we have studied the above quantities at a CM energy Q = 500 GeV/c. For the running mass we have chosen µ 0 = 166.1 GeV/c 2 so that the pole mass becomes equal to m t = 173.8 GeV/c 2 . This leads to a value m t (Q) = 153.5 GeV/c 2 . The constants c 1 and d 1 in the perturbation series completely differ from the ones given at m = 0 at which they become 1 and 8/3 respectively. Therefore the running mass will have a large effects on these constants which is revealed by the switch of sign in The forward-backward asymmetry and the shape constant of the top quark at Q = 500 GeV/c. a t will change while going from the fixed pole mass to the running mass approach. However the order α s corrected quantities are less sensitive to the choice between the running or the fixed pole mass because of the compensating term in Eq. (40). From the above it is clear that the zero mass approximation to c 2 and d 2 makes no sense in case of the top quark and we have omitted these contributions to A t FB and a t in table 3. Finally we want to comment on the renormalization scale dependencies of the forward backward asymmetry and the shape constant. If we vary the scale µ between Q/2 and 2 Q the changes in A (2) FB are small. It introduces an error of 0.002 for the bottom quark and 0.003 for the charm quark. For a (2) one can draw the same conclusion and the error becomes 0.005 and 0.007 respectively. In the case of the top quark a variation in the renormalization scale makes no sense because of the missing order α 2 s correction. Its computation for massive quarks will be a enormous enterprise.
Summarizing our findings we have computed the order α 2 s contributions to the forwardbackward asymmetry and the shape constant in an analytical way provided the heavy flavour mass is chosen to be zero. Further we found a discrepancy with a numerical result calculated earlier in the literature for A H(2) FB . The second order corrections are noticeable. The transition from the fixed pole mass to the running mass approach does not introduce large changes in the values of A H FB and a H except for the first order constant in the perturbation series when H = t. This indicates that the zero mass approach breaks down unless Q ≫ m. Also a variation of the renormalization scale does not lead to large effects. The latter are almost equal to the differences between the results obtained by the fixed pole mass and the running mass approach.
